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Abstract The problem description and setup of Benchmark Problem 1
(BM1) can be found in Part I Section 2 of this proceedings. A detailed
analytical solution of the problem is described in Carrier, Wu and Yeh.1

To solve BM1 three approaches have been carried out:

1) First order approximation in time
2) Second order approximation in time (leap-frog)
3) Full Navier-Stokes (FNS) approximation aided by the Volume of

Fluid (VOF) method to track the free surface.

Approach 1) and 2) use one-dimensional nonlinear shallow water (NLSW)
wave theory. The finite difference solution of equation of motion and the
continuity are solved on a staggered grid. Both methods have second order
approximation in space. The FNS-VOF approach has been used to visualize
differences against the NLSW approaches and analytical solution. The FNS
equation includes the vertical component of velocity/acceleration and some
differences are expected. This method solves two-dimensional transient in-
compressible fluid flow with free surface. The finite difference solution of
the incompressible FNS equations are obtained on a rectilinear mesh.

1. Brief Description of the Methods and their Numerical Schemes
1.1 First Order Method
Equations of motion and continuity read
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where ρ is the water density, u is the vertically averaged particle velocity,
ζ is the sea level, D = (ζ + H) is the total depth, H is the mean water
depth, r is the friction coefficient and g is the gravity acceleration. The
numerical solution is usually searched by using the one-time-level numerical
scheme, Kowalik and Murty.7 The numerical scheme is constructed as follow
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(Kowalik and Murty8):
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, up = 0.5(uj + |uj|)
and un = 0.5(uj − |uj|). T is the time step, h is the space step. Indeces m

and j = 1, 2, 3, ...n−1 stand for the time stepping and horizontal coordinate
points, respectively. For the runup condition the following steps are taken
when the dry point (jwet − 1) is located to the left of the wet point jwet,
thus: if (ζm(jwet) > −H(jwet − 1)), then um

jwet
= um

jwet+1, see Kowalik and
Murthy.8

1.2 Leap Frog Method
Equation of motion and continuity are expressed in flux form as
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where M = uD is the water transport and n is the Manning’s roughness
coefficient. The numerical scheme is constructed on a space-time staggered
grid having second order of approximation in space and time, see Imamura
et al.4

The two-time-level numerical scheme reads
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where µx is a friction term factor, DM is the total depth at M points,
and Dr is the total depth which depends of the sea level and depth of
the neighboring cells. Parameters λ1, λ2 and λ3 are the up-down wind’s
switches used in the nonlinear term. µx and DM are defined as
µx = gn2T

2D
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respectively.
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1.3 Full Navier-Stokes Approximation and VOF Method
Equation of continuity for incompressible fluid and the momentum equation

∇ · ~u = 0 and
∂~u

∂t
+ (~u · ∇)~u = −1

ρ
∇p + ν∇2~u + ~g (5)

are solved in the rectangular system of coordinates. Where ~u(x, y, t) is the
instantaneous velocity vector, ρ is the fluid density, p is the scalar pressure,
ν is the kinematic viscosity, ~g is the acceleration due to gravity and t is
the time. Solution of the equations is searched using the two-step method
(Chorin2 and Harlow & Welch.3). The time discretization of the momentum
equation is given by

~um+1 − ~um

T
= −(~u · ∇)~um − 1

ρm
∇pm+1 + ν∇2~u

m + ~g

and it is broken up into two steps as follow:

~̃u − ~um

T
= −(~u · ∇)~um + ν∇2~u

m
+ ~g (6),

~um+1 − ~̃u

T
= −
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Eq. (7) and the continuity equation, ∇ · ~um+1 = 0, can be combined into a
single equation (Poisson equation) for the solution of the pressure as

∇ · [ 1
ρm

∇pm+1] =
∇ · ~̃u

T
.

The fluid free surface is described by the discrete VOF method, see Nichols
and Hirt.5,6

2. Discussion and Conclusions
Figs. 1, 2 and 3 summarize results of BM1. The simple velocity extrapola-
tion used in the first order method seems to follow the shoreline evolution
as prescribed by the NLSW analytical solution. Sea level and velocity pro-
file match very well with the analytical solution. The extrapolation of the
velocity from the immediate wet cell to the dry cell facilitates runup improv-
ing the timing. The leap frog method does well in predicting the analytical
solution of the shoreline evolution, sea level and velocity profile as well.
However, due to the small difference in timing, some discrepancy in the
velocity profile can be seen, i.e. at time 220s. The FNS-VOF method gives
a frame of reference to validate the NLSW solutions. Some differences in
wave profile, shore line evolution and timing are quite plausible, since FNS
approximation allows vertical fluid velocity/acceleration while the NLSW
theory does not. From Figs. 1 and 3, it is clear that dispersion effects are
important. NLSW and analytical solutions underestimate the runup and
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overestimate the rundown. Timing of maximum runup and rundown occur
slightly earlier in the NLSW solutions.
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Fig. 1. Snapshots of water-surface



December 11, 2005 20:36 WSPC/Trim Size: 9in x 6in for Review Volume abstBM1

Tsunami Runup Onto a Plane Beach 5

−0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

x (dimensionless)

u 
(d

im
en

si
on

le
ss

)

t=2.2411  (160 sec)  

t=
2.

45
12

  (
17

5 
se

c)
  

Slope=(1:10)  

t=3.0815  (220 sec)  

MWL 

First Order 

Leap−Frog  

Analytical

Fig. 2. Snapshots of velocity profiles
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Fig. 3. Temporal and spatial variation of the shoreline


